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?Tyqyq���  �d�±� ¨¡ A� :¯¤�
A¾Ew�C �§dq��  As�³�  r�� T�Atk�� ��rt�� ��¤ ,¢��K� ºd� @n�  d`��  As�³� �r�
Cwsk�� �� Tm§dq�� T§rOm�� T�Atk�� ¨� rb� Am� ,Tb�wm�� T�y�O��  �d�±� �� Ah� rb`§
{`�  � �C �¤ ,¨`y�rt�� C@��� �whf� Tm§dq�� ��CAS��� ¨�  As�³� �r�¤ .T§ Ayt�¯�
,T§ Ayt�� Cws� ¯¤ T�y�} A¾ �d�� 
sy� Tb�wm�� T�y�O��  �d�°� Ty`y�rt�� C¤@���
¨¡¤ ) π ¤� ª Tymk�� ¢n� �h� �yy�A�wy��¤ �y§r�ws��¤ �y§rOm�� ºA�d� �¤A� Am�
�@¡ �� ryb`t��¤ ,A¾ d� A¡CAbt�A� (A¡rW� �wV¤ ­r¶�d�� Xy�� �wV �y� Tt�A��� Tbsn��
r� Yl�¤ .Tyb§rq� ­CwO� ¯� © Ayt�� rsk� ¢n� ryb`t��  Ak�� �d� �w�C ��  d`��
 �d�±� TShn�� rO� wy�¤C¤� �� 
r`�� ��  wy�A�wy�� xC ��CAS��� 	�A`�¤ �yns��
�w�C �� ,©rs� �kK� Ahn� ryb`t�� �km§ ¯ ¨t��  �d�±� �l�¤ T§rsk��¤ T�y�O��
 �d��¤ (T§rb� �¯ A`m� �wl�� Ahyl� �O�� ¨t��  �d�±� �l� ©�) T§rb�  �d��  w�¤
T§rsk�� ry�  �d�±� 	§rqt� �rV Yl� �wlO�¤ ,(Ty�Ast� A¾ �d�� Yms�¤) T§rb� ry�
T�wm�m�� �l� ­Cw} �yyRA§r�� Tly�� ¨� �s�r� ��d� A·yK� A·yJ¤ ,T§rs�  �d���
�St� H�A�t� �kJ ¨� Ahm\tn�¤ ,Tflt�m�� �An}±� �l� �� �S� ¨t��  �d�±� ��
 �d�±� T�wm�� �� Ty�A��� ­CwO�� Y�� �O� ��¤ .Ahn§Ab� ��C T�rtKm�� Ah}�w� ¢y�
.dn�Ãd§ ¤ Cwt�A� d§ Yl� �§rK`��  rq�� T§�d�¤ rK� �FAt��  rq�� T§Ah� ¨� ¯� Tyqyq���

:Tyqyq���  �d�±� �h� ¨� �wm¡AF ºAml� T�®�
(1918 - 1845) Cwt�A� �Cw� ¤ (1429 - 1380) ¨JAk�� �§d�� �Ay� ,( ®ym�� �b� 287 - 212) xdymJC�
¢yms� ©@�� ,¨��� ¨RA§r�� �¶Ak�� ��@� 	��w��� ­ d`t� ­CwO�  Ð� AntF�C �dbnF

: R z�r�A� ¢� z�r�¤ , Tyqyq���  �d�±� T�wm��

(The Real Line Tyqyq���  �d�±� X�) Tyqyq���  �d�°� ¨Fdnh�� �y�mt�� .1
 �� ��Ð¤ (�yqts� X� ©�) �yqts� X� ªAqn� Tyqyq���  �d�±� �y�m� Annkm§
�� ,d��w�� ��m� «r�� TWq�¤ (�}±� TWq� Ahyms�)rfO�� ��m� TWq� X��� Yl� CAt��
ª¤rJ¤) CAyt�¯� �@¡ �Z ¨� ¢�� �Ab�� �kmm�� �� .X��� ªAq� ¨�Ab�  �d�±� Tyq� ��m�
 �d�±� ��m� �y�� X��� Yl� TWqn� ¨qyq�  d� �� �y�mt� ­dy�¤ Tq§rV d�w� («r��
.Ayqyq� � d� ��m� X��� Yl� TWq� �� :Hk`�A� Hk`��¤ .Tflt�� ªAqn� Tflt�m��
��@�A�¤ ,©rO� �kK� Tyqyq���  �d�±� Q�w� xCd�  � Annkm§ �y�mt�� �@¡ ��d�tFA�
T`Wq�� ªAqn� ��m� x, y �§ d� �y� �q� ¨t��  �d�±�  � Ð� ,	y�rt�A� Tql`tm�� Q�w���

. x, y �  Atl�mm��  AtWqn�� Am¡ A¡A�rV ¨t�� Tmyqtsm��

(Operations on R) R Yl� T�r`m�� �Aylm`�� .2
,
rS�� Tylm� ¤ �m��� Tylm� : �yyqyq� �§ d� ©±  At�r`�  AtyFAF�  Atylm� �An¡

: TyFAF� Q�w� ­d� Amh� Tyqyq���  �d�±� Yl� 
rS��¤ �m��� ¨tylm�
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(?��Ð Yn`� r�@� �¡)  Aty��d��  Atylm� Amh�
(©z�C �kK� Yn`m�� 	t��)  Aty�A� �  Atylm� Am¡¤

d§A�m�� rOn`�� w¡ d��w��¤ �m�l� d§A�m�� rOn`�� w¡ rfO�� ;d§A�� rOn� Amhn� �k�¤

rSl�

 d`�� 	�AF Yms§ ,¨`m� xwk`� ¢� ¨qyq�  d� ��
 d`�� 
wlq� Yms§ ,¨�rR xwk`� ¢� rfO�� �d�A� ¨qyq�  d� ��¤

.�m��� Yl� �Ewt� 
rS�� Tylm�  �� ,�ry��¤
�wq�  �� ­rOt�� ­d��¤ ­CAb� ¨� r�@� Q�w��� £@¡

.®q� �iÄwk� 
rS��¤ �m��� ¨tylm� �� Tyqyq���  �d�±�  �

��¤ � Am�C¤) 
rS��¤ �m��� ��d�tFA� �t§ Ahf§r`�  � d�ns� «r�±� �Aylm`�� A��
z  d`�� w¡ x �� y �rV ¨�A�  � �wq�  �� �m��� ��d�tFA� �rW�� �r`� ®�m� ,(«r��

:T§z�C Tq§rW� ¤� ,x �t�� y Yl� £An`m�  � ©@��
z = x− y ⇐⇒ y + z = x, x, y, z ∈ R.

r�� ¨qyq�  d� Yl� ¨qyq�  d� Tms� Tylm�  � ©� ,Ty¶z� Tylm� ¨¡ Tmsq�� Tylm�
Xq�¤ �Ð� y  d� Yl� x ¨qyq�  d� �sq�  � �yWts� : d§d�t�A� .T�r`� ¾Am¶� 
sy�
¨�At�A�¤ T�r`� ry� rfO�� Yl� Tmsq��  � ¾Am¶� r�@t� .rfO�� ©¤As§ ¯ y  A� �Ð�
 d`�� w¡ y Yl� x Tms� �CA�  �� rfO�� ©¤As§ ¯ y  A� �Ð� A� T�A� ¨�¤ .Tnkm� ry�
��d�tFA� �r`� Tmsq�� Tylm�  � ©� .x ��An��  A� y ¨� £An�rR  � ©@�� t ¨qyq���

T§z�C Tq§rW�¤ .
rS�� Tylm�
t = x/y ⇐⇒ y.t = x, x, y, t ∈ R, y 6= 0.

 d� ©°� ,Crkt� 
rR �� ­CAb� ¨¡¤ ,	�w� �y�} x± ��r�� Tylm� AS§� �An¡
 wk§ n 	�w� �y�}  d� ©±¤ x ¨qyq�

xn =

­r� n︷ ︸︸ ︷
x . x · · · x .

��d�tFA� �aÄr`u§ 	�AF �y�} x± ��r�� . x ¨qyq�  d� ©± x0 = 1  � �r`� Am�
. x 6= 0 ©± x−n = 1/xn, n ∈ N �Sn� (¨�rS�� xwk`m�� ¤�) Tmsq��

.d`� Amy� ¢y��  w`nF A¾dyq`� r��� �wRw� wh� �y�} ry� x� Y�� ��r�� �wRw� A��

Tyqyq���  �d�±� 	y�r� .3
©°� ,( > ) �� ��� 	y�rt�� T�®� ��d�tFA� Tyqyq���  �d�±� 	y�r� Annkm§ An�� �r`�
T�®� zymt�¤ .¯ �� y �� ��� x  A� �Ð� A� ��s�  ± Yn`� �Anh� x, y �yyqyq� �§ d�

:T�A¡ Q�w� T�®�� 	y�rt��
Tqq�t� x = y ¤� y < x ¤� x < y �A�®`�� �� ­d��¤ (1)

y < x  wk§  � �y�tsm�� �� ¢��� x < y  A� �Ð� (2)
x < z  �� y < z 
�A�¤ x < y  A� �Ð� (3)

:�yty}A�� 
rS��¤ �m��� ¨tylm`� 	y�rt�� Xb�r§¤
x + z < y + z  �� x < y  A� �Ð� (4)

x.z < y.z  �� A¾Ab�w� z  A�¤ x < y  A� �Ð� (5)
:  � �wq� 
rS��¤ �m��� ¨tylm� Q�w� Y�� Q�w��� £@¡ T�AR��
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.¾Ab�r� ®q�  wk� 	y�rt�� T�®�¤ 
rS��¤ �m��� ¨tylm� �� Tyqyq���  �d�±�

�� ��� , ( > ) �� rb�� : �A�®`�� �� ©�� �� ��� T�®� �� {y`ts�  � �kmm�� ��
��� T�®� ��d�tFA� �aÄr`� �A�®`�� £@¡¤ . ( ≥ ) ©¤As�¤� �� rb�� ¤� ( ≤ ) ©¤As� ¤�

:¨�At�� w�n�� Yl� ��
x > y ⇐⇒ y < x,

x ≤ y ⇐⇒ x < y C x = y,

x ≥ y ⇐⇒ y < x C x = y.

.�¾þ`� Aqq�t�  � Ew�§ ¯ x < y, x = y  At�®`��  � ^�¯
Ty�At�� �An§Abtm�� �¡r� :�§CAm�

∀x > 0 : x +
1

x
≥ 2, (1)

∀x, y ∈ R : (x + y)2 ≥ 4xy, (2)
,∀x, y > 0, ∀n ∈ N∗, x < y ⇐⇒ xn < yn (3)

?�¾þb�AF Am¡d�� ¤� ? Ab�AF Am¡®� x, y  A� w� �d�§ �ÐA�
,∀x, y > 0 : x < y =⇒ 1/x < 1/y (4)

? Ab�AF Am¡®� x, y  A� w� �d�§ �ÐA�

(Some Subsets of R) R �� Ty¶z��� �A�wm�m�� {`� .4
 �d�±� �ym�¤ rfO�� ��  wkt�¤ , N z�r�A� Ah� z�r�¤ , Ty`ybW��  �d�±� T�wm��
�ym� ��  wkt�¤ , Z z�r�A� Ah� z�r�¤ , T�y�O��  �d�±� T�wm�� .Tb�wm�� T�y�O��
¤� Tybsn�� ¤�) TyFAyq��  �d�±� T�wm�� .rfO��¤ Tb�AF¤ Tb�w� ,T�y�O��  �d�±�
Aht�At� �km§ ¨t�� Tyqyq���  �d�±� �l� ¨¡¤ , Q z�r�A� Ah� z�r§ ¨t��¤ , (TqþaÌþWnum��

 � ^�®�¤ . R \Q ¨¡¤ , TyFAyq�� ry�  �d�±� T�wm�� .© Ayt�� rs� ­Cw} Yl�

N ⊂ Z ⊂ Q ⊂ R,

. A`VAqt� ¯ Amh��� ¨�At�A�¤ R ¨� Q Tlmk� ¨¡ R \Q  �¤
:�§CAm�

¨t�� �A�wm�m�� ¨� �q� ¯ Tq�As�� �A�wm�m�� �� �� ¨� r}An`� Tl��� X�� (1)
.A¡CAs§ Yl�

?Tq�As�� �A�wm�m�� �� �� Yl� 
rS��¤ �m��� ¨tylm� Q�w� ¨¡ A� (2)
.¨FAy� ry�  d�¤ ¨FAy�  d� d�w§ �yflt�� �yyFAy� �§ d� ©� �y�  � �¡r� (3)

�§ d� ©� 
rR �}A�  �¤ .¨FAy�  d� w¡ �yyFAy� �§ d� ©� �wm��  � �¡r� (4)
.¨FAy�  d� w¡ �yyFAy�

.TyFAy� � �d�� Amh�rR �}A�¤ Amh�wm��  wk§ �y�� �yyFAy� ry� �§ d� d�¤� (5)
. ({√n |n ∈ N } \ N) ⊂ R \Q  � �¡r� (6)

(The Archimedean Property) T§dymJC±� Ty}A��� .5
 w�¤ �d� �Rw� Tyqyq���  �d�±� T�wm�m� T�A¡ Ty}A� ¨¡ T§dymJC±� Ty}A���
�AO�¤ .�A§Ahn�� Yn`� r§rbt� T§�db�� ¨� rhZ �whf� w¡¤ ,r�O�� ¨� Ty¡Ant� �Aym�
 d� d�w§ ¢��� x, y > 0 �yb�w� �yyqyq� �§ d� ©� AnyW�� �Ð� :¨�At�A� Ty}A��� £@¡
 d� ©� d�w§ ¯ ¢�� d�� x = 1 T�A� ¨� Ty}A��� £@¡ �ybWt� . n.x > y �y�� n ¨`ybV

.Ty`ybW��  �d�±� �ym� �� rb�� ¨qyq�
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(Bounded and ­ ¤d�m�� ry� �A�wm�m��¤ ­ ¤d�m�� �A�wm�m�� .6
Unbounded Sets)

: Tyqyq���  �d�±� �� T�wm�m� Tylfs��  ¤d���¤ T§wl`��  ¤d��� �§r`�
T�wm�ml� ©wl� d� x  � �wq� ¨qyq�  d� x �ky� ¤ , R �� Ty¶z� T�wm�� S �kt�

.S r}An� �� rOn� �� ©¤As§ ¤� �� rb�� x  A� �Ð� S

. wk§ ¯ ¤� S ¨� A¾rOn�  wk§  � �km§ x  � ^�¯
.Yl�� �� ­ ¤d�� Ah�� �wq� An��� ©wl� d� S T�wm�ml�  A� �Ð�

S T�wm�ml� ¨lfF d� w¡ x A¾ d�  � �wq� ,��m�A�
d� S T�wm�ml�  A� �Ð�¤ .S r}An� �� rOn� �� ©¤As§ ¤� �� ��� x  A� �Ð�

.�fF� �� ­ ¤d�� S  � �wq� An��� ¨lfF
ry� Ahnk� (	�AF  d� ©�� ¤� rfO�A�) �fF� �� ­ ¤d�� N T�wm�m��  � ^�¯
©�� ¤� d��w�A�) Yl�� �� ­ ¤d�� ]−∞, 1[ T�wm�m�� Hk`�� Yl�¤ ,Yl�� �� ­ ¤d��

.�fF� �� ­ ¤d�� ry� Ahnk� (d��w�� �� rb��  d�
.�fF� ��¤ Yl�� �� ­ ¤d�� 
�A� �Ð� ­ ¤d�� S T�wm�m��  � �wq�

:�§CAm�
.­ ¤d�� ry� �A�wm�m�¤ ­ ¤d�� �A�wm�m� Tl��� X�� (1)

AS§� w¡ x �� rb��  d� ©�  �� , S T�wm�ml� A§wl� �d� x  A� �Ð� ¢�� �¡r� (2)
.T�wm�m�� Hfn� ©wl� d�

.[−1, 1[ T�wm�ml� ©wl� d� w¡ 1  � �¡r� (3)
.Yl�� �� ­ ¤d�� ry� {nπ |n ∈ N } T�wm�m��  � �¡r� (4)

. [0, 1[ ­rtfl� ¤ [0, 1] ­rtfl� T§wl`��  ¤d��� T�wm�� d�¤� (5)
¤� �� rb�� A � ©wl� d� ©�  �� Ty�A� ry� T�wm�� A 
�A� w� ¢�� �¡r� (6)

.Ah� ¨lfF d� ©� ©¤As§
(Largest and Smallest Elements) «rbk��¤ «r�O�� r}An`��

w¡ 
�w�� Hf� ¨�¤ ­rtfl� ¨lfF d� w¡ rfO��  � ^�®� , [0, 1] ­rtf�� @��n� :�A��

�w�� Hf� ¨�¤ ­rtf�� r}An� �� rOn� w¡ d��w��  � Am� ,­rtf�� r}An� �� rOn�

.Ah� ©wl� d� w¡
.Ah� ¨mtn§ ¯ ¢nk� ­rtfl� ©wl� d� w¡ d��w��  � ^�®� , [0, 1[ ­rtf�� @��n� :�A��
¨� r�� �rOn� d�ns� a �ky�¤ ,­rtf�� r}An� �� rOn� ©� A�@�� w� An�� AS§� ^�®�¤

.Ah� ¨mtn§  � �km§ ¯ ­rtfl� ©wl� d� ©�  � ��Ð �� �tn� .a �� rb�� ­rtf��
Yms§ ©wl`�� d��� �@¡  �� , S Y�� ¨mtn§ S T�wm�ml� ©wl� d� �d�¤ �Ð� A� T�A� ¨�

. max S 
 ¢� z�r§¤ S ¨� rb�±� rOn`��

�w�� Hf� ¨� ¨mtn§ S T�wm�ml� ¨lfF d� ¢��� r�}±� rOn`�� �§r`� �km§ ��m�A�

. min S 
 ¢� z�r§¤ , S �
 w� �k� .rb�� rOn� Ah� Hy� Yl�� �� ­ ¤d�� ry� T�wm�� ©�  � �R�w�� ��
�� .(¨�A��� �A�m�� ¨� Am�) rb�±� rOn`��  w�¤ �mS§ ¯ Yl�� �� ­ ¤d�� T�wm�m��
rOn`l� Tbsn�A� �A��� ��@� .dy�¤ wh� - d�¤  � - rb�±� rOn`��  � AS§� �R�w��

.r�}±�
:�§CAm�

:Ty�µ� �A�wm�m�� �� �k� (Amhn� ©� d�¤  �) rb�±�¤ r�}±� rOn`�� d�¤� (1)

Z ∩ [−
√

10, +∞[, {x ∈ R |x2 + 2x− 3 ≤ 0 }, {x ∈ R | x +
1

x
≥ 3}.
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�Ð� Xq�¤ �Ð�  A§¤Ast§ T�wm�� ©± rb�±� rOn`��¤ r�}±� rOn`��  � �¡r� (2)
.d��¤ rOn� �� T�wk� T�wm�m�� 
�A�

The Completeness Property �Amt�¯� Ty}A� .7
Ahyl� �lW� ¨t�� ¨¡¤ �d� T�A¡ «r�� Ty}A�� Tyqyq���  �d�±� T�wm�� �tmt�
X� Yl� 
wq� ¤� �A��r�  w�¤ �d� �� A� �kK� Ty}A��� £@¡ rb`�¤ ,�Amt�¯� Ty}A�

. �d�±�
�� ­ ¤d�� ¤ Ty�A� ry� Ty¶z� T�wm�� A�@�� w� An�� TVAsb� Ty}A��� £@¡ �wq�
.T§wl`��  ¤d��� ¨�A� �� r�}� T�wm�m�� £@h� ©wl� d� �An¡  �� , R �� S Yl��
 wk§ Yl�� �� ­ ¤d�� ¤ Ty�A� ry� T�wm�m� T§wl`��  ¤d��� T�wm��  � «r�� ­CAb`�
l.u.b. S ¤� sup S 
 ¢� z�r§ S T�wm�ml� r�}±� ©wl`�� d��� �@¡ .r�}� rOn� Ah�
Tylfs��  ¤d��� T�wm�� :��m�A� .S T�wm�ml� ©wl� d� r�}� w¡ sup S  � �Aq§¤
¨lfF d� rb�± z�r§¤ .rb�� rOn� Ah�  wk§ �fF� �� ­ ¤d��¤ Ty�A� ry� T�wm�m�

. g.l.b. S ¤� inf S 
 S T�wm�ml�
w¡ ¨lfF d� rb��¤ d��w�� w¡ ©wl� d� r�}� Ah� [0, 1[= S T�wm�m�� :�A��

.rfO��
�k� ,Ah� ¨lfF d� rb�� AS§� w¡¤ rfO�� w¡ r�}� rOn� Ah� N T�wm�m�� :�A��

.(?�ÐAm�) ©wl� d� r�}� Ah� Hy�
¨¡ −∞  �¤ Ty�A��� T�wm�ml� ¨lfF d� rb�� ¨¡ +∞  � Yl� �ftnF :�Af��

.Ty�A��� T�wm�ml� ©wl� d� r�}�
:�§CAm�

d� r�}�  wk§ rOn`�� �@¡  �� rb�� �rOn� S T�wm�ml�  A� �Ð� ¢�� 
b�� (1)
.S � ©wl�

rOn`��¤ ¨lfF d� rb��¤ ©wl� d� r�}� �� ���� ��rtf�� ��w�� �� �w� �k� (2)
.(�hn� ©� d�¤  �) rb�±� rOn`��¤ r�}±�
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